We introduce a general framework allowing the systematic study of random manifolds. In order to do so, we will put ourselves in a more general context than usual by allowing the underlying probability space to be non commutative in the sens of Connes [Con82] . We introduce in this paper the oriented cobordism groups of random manifolds, which we compute in dimensions 0 and 1, and we prove the surjectivity of the corresponding Thom-Pontryagin homomorphism. Non commutative and usual (commutative) random manifolds are naturally related in this setting since two commutative random manifolds can be cobordant through a non commutative one, even if they are not cobordant as usual random manifolds. The main interest of our approach is that expected characteristic numbers can be generalized to the non commutative case and remain naturally invariant up to cobordism. This includes Hirzebruch signature, Pontryagin numbers and, more generally, the expected index of random elliptic differential operators.
Introduction
A random manifold is a standard probability space K whose elements are connected manifolds. We define the total space of a random manifold K as the disjoint union X = M ∈K M . We shall see X as a laminated set whose leaves are the elements of K, and assume that there is a standard measurable structure on X compatible with the usual Borel structure on the leaves and on K.
We call observable every map b : K → R that associates to every manifold in K a real number. For instance: the dimension, the Betti numbers, the Euler characteristic, the Hirzebruch signature and, more generally, the index of differential and pseudodifferential operators, are examples of such invariants. In the setting of random geometry, the most natural question is the following: what is the expected value of b in K? Of course, in order to get a well posed question, we must guarantee that the map b is measurable and, more precisely, integrable. For classical invariants as those mentioned above, it deeply depends on the measurable structure and specific probability measure we put on the set K. Our main goal is to develop a general framework allowing the systematic study of such invariants.
Our first step will be to enlarge the notion of random manifold by allowing the probability space K to be non commutative in the sense of Connes [Con90] . A non commutative probability space is defined by Connes as (the Morita equivalence class of) a separable von Neumann algebra N(K) endowed with a weakly continuous tracial state τ [Con82] . Invariants can be viewed as elements of N(K) and their expected value is given by the trace. If K is a classical probability space then N(K) = L ∞ (K), i.e. a commutative von Neumann algebra, and the trace is the usual Lebesgue integral.
Random manifolds arise naturally in quantum physics. Up to a Wick rotation, which formaly replaces the real time coordinate t by a pure imaginary time τ = it, the space-time becomes riemannian and quantum mechanics reduce to random geometry. For instance, a Wick rotated relativistic quantum particle is given by a 4-dimensional manifold M (representing the space-time) together with a set K of continuous paths α : [0, 1] → M . The probability measure on K is the Wiener limit of random walks associated to random jumps of probability density
where d(x, y) is the metric distance and d vol M the metric volume on M . Another appealing example is string theory, which is a 2-dimensional version of the relativistic particle above. It is obtained, roughly speaking, by replacing random paths by random immersions α : Σ → M with Σ a surface with boundary, random walks by PL immersions, and the metric length of the path by the metric area of the surface. These two examples are particular cases of a more general set of physical theories called brane theories. In general, brane theories can be viewed as bordisms in the category of random manifolds. See [Pol98] for a complete introduction to string theory. Another interesting example is pure quantum gravity, which is given by a random riemannian bordism of a fixed compact riemannian 3-manifold M , whose expected value is an Einstein manifold. Since string theory is given by a random 2-dimensional submanifold of a fixed manifold, the construction can be made rigorous by using the classification of compact surfaces and PL immersions. In turn, quantum gravity deals with the set of all 4-dimensional riemannian manifolds whose boundary is M , and there is no natural way to put a probability measure on this set, mostly because we don't know what it looks like. The usual approach is to fix the underlying topology and to randomize the metric. Since a riemannian metric can be viewed as a field of 4 × 4 non singular positive matrices, this reduces quantum gravity to a most familiar quantum field theory, but the theory still has far too many symmetries to be renormalizable. However, quantum gravity remains an extremely speculative domain, and no satisfactory rigorous mathematical model has been found so far. One of the main goals of our introduction to the general study of random manifolds is to clarify and unify the existing approaches to random geometry.
A very fruitful setting is given by algebraic random n-manifolds, which can be defined as p −1 (0) where p : C n+m → C p is a random polynomial. In that case the probability space K is a finite vector space of polynomials and can therefore be endowed with a family of natural probability measures. In a recent work Gayet and Welschinger make very stimulating progresses on the computation of expected Betti numbers in this setting [GW16] .
Given an oriented random manifold with boundary K, choosing a random connected component of the boundary of an element of K gives rise to a random manifold, provided that we can measurably associate to every element M ∈ K a probability measure on the set of connected components of ∂M . The corresponding random manifold will be called the boundary of K. Two random manifolds K and K are said to be cobordant if their disjoint union K + K is isomorphic to the boundary of a random manifold. Cobordism obviously defines an equivalence relation on the set of random manifolds and one can easily see that the disjoint union induces a structure of abelian group on the set of cobordism classes. The aim of this paper is to introduce the study of these groups.
Random manifolds
A BT-space is given by a standard Borel space X endowed with a topology whose connected components, endowed with its Borel σ-algebra are measurable subspaces of X. A map X → Y is said to a BT-map if it is a simultaneously measurable and continuous map that sends transversals of X into transversals of Y. The class of BT-spaces together with BT-maps is a category called BTop. We call leaves of a BTspace the connected components of the underlying topology and transversals discrete Borel subsets. Two transversals S and T are said to be isomorphic if there exists a leaf-preserving Borel isomorphism γ : T → S that we call a holonomy transformation.
Examples.
1. A connected Polish space V , endowed with is Borel σ-algebra, is an example of BT-space of a single leaf and transversals, which are simply discrete subsets of V , are always countable.
2. Another example is given by a standard Borel space K endowed with the discrete topology. In that case every Borel subset of K is a transversal.
3. Given two BT-spaces X and Y, we shall note X ⊗ Y the cartesian product of X and Y endowed with the product topology and the product measurable structure.
such that γ * µ T = µ S for every holonomy transformation γ : S → T . The pair (X, µ) will be called a random topological space. A random topological space is said to be a random manifold (with boundary) if all its leaves are separable topological manifolds (with boundary). Let (X, µ) and (Y, ν) two random topological spaces. A BT-map f : X → Y is said to measure preserving if for every transversal T of X we have
where |·| denotes the cardinal of a set. The category of random topological spaces together with measure preserving BT-maps will be called RTop.
1. If V is a Polish space, two discrete subsets of V are isomorphic as transversals if and only if they have the same cardinality; hence the counting measure gives rise to an invariant transverse measure.
2. Another example is given by a standard measure space K endowed with the discrete topology. In that case every Borel subset of K is a transversal and the only holonomy trasformation is the identity. Hence, every Borel measure on K induces a transverse measure which is automatically invariant.
3. Given two random topological spaces (X, µ) and (Y, ν), the product of a transversal of X and a transversal of Y is a transversal of X ⊗ Y and one can easily verify that the corresponding product measure µ ⊗ ν is invariant.
Let (X, µ) be a random manifold (with boundary). We call atlas of X a countable set of isomorphisms of BT-spaces
called local charts, where {U i } i∈I is an open Borel covering of X, V i is a open subset of the euclidean space R n (resp. the half-space H n ) and K i is a standard Borel space for every i ∈ I. Notice that the change of charts ϕ i • ϕ −1 j has automatically the form
where γ is a partial Borel isomorphism K j → K i and f t is a local homeomorphism of R n (resp. H n ). An atlas is said to be oriented if the local homeomorphisms f t preserve the orientation. Notice that the invariant measure µ induce a measure on each K i preserved by change of verticals γ. We define the cost of A as
, the commutative algebra of smooth maps from V to the Banach algebra L ∞ (K) of essentially bounded functions on K. Every element a ∈ A(V ⊗ K) can be viewed as a measurable continuous fonction a : V ×K → R, two such functions representing the same element of A(V ⊗K) if they coincide on almost every plaque V × {•}. For every measurable subset B ⊂ V × K, we denote by A(B) the algebra formed by the restrictions to B of the elements of A(V ⊗ K). A map f : B → B between Borel subsets of trivial random manifolds is said to be smooth if for every a ∈ A(B ) the fonction a • f belongs to A(B).
In that case the map a → A(f )(a) := a • f gives rise to a morphism of algebras
Let X be a random manifold. An atlas {ϕ i : U i → V i ⊗ K i } i∈I of X is said to be smooth if for every i, j ∈ I the corresponding change of charts
is smooth. Two smooth atlas are called compatible if their union is a smooth atlas. The equivalence class of compatible bounded atlas is called a smooth structure on X. A random manifold together with a smooth structure is called a smooth random manifold. A smooth atlas {ϕ i : U i → V i × K i } i∈I is said to be compact if for every i ∈ I there exists a compact subset F i ⊂ V i such that the sets ϕ
Definition 2.2. A random manifold will be called compact if it has a compact smooth atlas of finite cost.
The tangent space
Let X be a smooth random manifold. We shall note
A tangent vector field of X is by definition a derivation of the algebra A(X). We shall note τ (X) = Der A(X) the vector space of tangent vector fields and we will call it the tangent space of X. Since A(X) is a commutative algebra, the tangent space τ (X) has a natural structure of A(X)-module.
Proof. Let X = V ⊗K. Recall that every function a ∈ A(X) is a map a : V → L ∞ (K) with continuous partial derivatives of every order. Hence the n partial derivatives of order 1 are derivations of A(X). We shall prove that every derivation ξ of A(X) can be written in an unique way as ξ = i a i ∂ i with a i ∈ A(X). It follows from the Taylor's theorem with integral remainder (which is valid for smooth functions of n variables taking values in any Banach space) that for every y ∈ V there exists a star convex open subset V y ⊂ V centered in y such that for x ∈ V y we have
where where x i and y i denote the coordinates of x and y and B ij y is a function in A(X) defined by the formula
Fixing y, applying ξ to the identity above and then evaluating in y we get identity
valid for every a ∈ A(X) and every y ∈ V . Hence ξ = i ξ(x i )∂ i , as wanted.
Lemma 2.4. Let X be a random manifold. Every compact atlas of X
admits a subordinated partition of unity, i.e. for every i ∈ I there exists a positive element a i ∈ A(X) with support in U i such that i∈I a i = 1.
Proof. Let us consider a family of compact sets F i ⊂ V i verifying the definition of compact atlas, and let g i a bump function on V i such that F i is contained in the interior of its support. If we define h i : U i → R as the pull-back of g i by the projections U i → V i , we obtain the wanted partition of unity by setting
Lemma 2.5. If X is a compact random manifold, it has a riemannian metric, i.e. a morphism of modules
such that for every ξ, ν ∈ τ (X):
Proof. The lemma obviously holds for trivial random manifolds, since their tangent space is a free module. Let us consider a compact atlas A = {ϕ i :
X together with a subordinated partition of unity i∈I a i = 1. For every ξ ∈ τ (X) one can see a 1/2 i ξ as a derivation on τ (U i ). If we fix a riemannian metric on e g i on each U i , then we can write
i ν A straigthforward computation shows that g is a riemannian metric on τ (X).
Remark 2.1. It follows from the lemmas above that every tangent vector ξ ∈ τ (X) can be viewed as a map ξ : x ∈ X → ξ x ∈ T x L x where L x is the leaf of X which contains x and T x L x the usual tangent space of L x at x. Hence for every measurable open subset U ⊂ X, we have an homomorphisms of A(X)-modules r U : τ (X) → τ (U ) given be the restriction ξ → ξ |U . In the other hand, a riemannian metric g can be viewed as a field of inner products
Theorem 2.6. For every compact random manifold X, τ (X) is a finitely generated projectif module over A(X).
Proof. Let dim X = n and let A = {ϕ i :
be a compact smooth atlas of X together with a subordinated partition of unity i a i = 1. Since
kn is injective and puts τ (X) as a sub-module of A(X) kn . A straightforward computation shows that the orthogonal complement of τ (X) in A(X) kn with respect to the usual
kn .
Low dimesional cobordism groups
In the sequel, every random manifold shall be supposed to be compact. The boundary of a random manifold with boundary X is a random manifold without boundary that shall be noted ∂X. If X is oriented, its boundary inherits a natural orientation. Given an oriented random manifold X, we shall note −X the same random manifold endowed with the opposite orientation. Given two random manifolds without boundary X and Y, we shall note X + Y their disjoint union and X − Y = X + (−Y). We say that X and Y are cobordant if there exists an oriented random manifold with boundary M such that ∂M = X − Y. Cobordism defines an equivalence relation on the set of oriented random manifolds and we note [X] the cobordism class of X. The set of cobordism classes of oriented random manifolds, together with the operation
is an abelian group that we shall note RΩ SO . It has a natural grading induced by the dimension, i.e.
where RΩ SO n is the group of cobordism classes of oriented random n-manifolds. The neutral element of RΩ SO is the cobordism class of the empty random manifold and will be noted [0].
On can easily see that RΩ 0 R. Indeed, since an oriented connected 0-manifold is signed point x = ±1, a random 0-manifold is given by a finite standard space K together with a measurable partition
We devote the rest of this section to prove the following:
Theorem 3.1. Every oriented random 1-manifold is the boundary of an oriented random 2-manifold or, in other words, that
We shall split the proof in several lemmas. Let us start by recalling some basic constructions and facts. Let K a finite standard measure space. The suspension of a measure preserving automorphism γ ∈ Aut(K) is the oriented random 1-manifold Σ γ obtained from the trivial random 1-manifold with boundary [0, 1] × K by the following identifications (0, t) ∼ (1, γ(t)) , t ∈ K Lemma 3.2. Let X an oriented random 1-manifold such that almost every leave of X is compact.
Proof. Let T be a transversal of X and let us consider the standard equivalence relation R T ⊂ T × T whose equivalence classes are given by the intersection of T with the leaves of X. Since the leaves are almost all compact, the equivalence classes of R T are almost all finite. It is well known that such an equivalence relation has a fundamental domain, i.e. a Borel subset K ⊂ T which intersects almost every leave in exactly one point, and one has an obvious isomorphism of random manifolds between X and a random circle X S × K which is the boundary of D × K.
Lemma 3.3. For every oriented random 1-manifold X there exists an oriented random 1-manifold X without compact leaves such that
Proof. Let X be a 1-lamination and let T be a transversal which intersects every leaf of X. Since X is compact as random manifold, a leaf L of X is compact if and only if T ∩ L is finite. The finite classes of R T form a Borel subset K ⊂ T , which implies that the compact leaves of X form a random 1-manifold F ⊂ X. Therefore we can write X = F + X where X = X\F has no compact leaves by construction. By the lemma 3.2 above we have
Lemma 3.4. For every oriented random 1-manifold X there exists a finite standard measured space K and a measure preserving automorphism γ ∈ Aut(K) such that X Σ γ .
Proof. Let K be a finite complete transversal of X. If we cut X along K, we obtain a random 1-manifold with boundaryX whose almost every leaf is diffeomorphic to the interval [0, 1]. As in the proof of lemma 3.2,X is diffeomorphic to the trivial 1-manifold [0, 1] × K in such a way that the quotient mapX → X preserves the orientation. Hence every point (0, t) ∈X is identified to exactly one point of the form (1, s), and the map γ : t ∈ K → s ∈ K is a measure preserving automorphism of K such that X Σ γ .
Lemma 3.5. For every finite standard measure space K, the map
is a homomorphism of groups.
Proof. Let φ and ψ two measure preserving automorphisms of K. It suffices to prove that there exists a cobordism between the disjoint union Σ φ + Σ ψ and Σ φ•ψ , i.e. an oriented random 2-manifold with boundary M such that
. For the sake of clarity, we will explain graphically how it works. The random 2-manifold M is given as a fibration over the singular surface with boundary on the left of figure 3, where the fibers are the random singular 1-manifolds on the right. It is obvious from the picture that the singularities on the leaves of M are of Morse type, which implies that the leaves of M are smooth manifolds. The local triviality and the compacity of M follows from the local triviality of the fibration.
The combination of the above lemmas allows us to conclude. Indeed, since Aut(K) is a simple group (see Fathi [Fat78] ) and RΩ SO 1 is abelian, every cobordism class on the image of the homomorphism of lemma 3.5 vanishes. Hence, by lemma 3.4, this will be the case for every cobordism class in RΩ SO 1 , which completes the proof.
Higher dimensional cobordism groups
We shall prove in this section the following result: where p(n) is the number of partitions of n, i.e. the number of different ways to write n as a sum of natural numbers.
The proof follows the scheme of the classical theorem of Thom-Pontryagin [ Tho54, MS74] which states that a compact oriented smooth 4n-manifold is the boundary of an compact oriented smooth (4n + 1)-manifold if and only if its Pontryagin numbers vanish. 
Cohomology
Let X be a random manifold with boundary. We define the cotangent space of X as the dual module Ω 1 (X) = Hom A(X) (τ (X), A(X)) and we define the exterior differential d : A(X) → Ω 1 (X) by setting da(ξ) = ξ(a) for every funtion a ∈ A(X) and tangent vector field ξ ∈ τ (X). The exterior derivative can be extended in the usual way to the whole exterior algebra
where
is the i-th exterior power of Ω 1 (X) over A(X), such that we have the usual identity d 2 = 0. The homology of the corresponding cochain complex is called the de Rham cohomology of X and denoted by H
• (X). It has a natural real algebra structure inherited from the one in Ω
• (X). In the other hand, we can define the K-theory of X, denoted by K(X), as the algebraic K-theory of the algebra A(X). Recall that K(X) is a ring structure induced by directed sums and tensor product of projectif modules. We will see that the K-theory and de Rham cohomology of bounded laminations can be seen as contravariant functors. For this, let X and Y be two random manifolds. A continuous mesurable map f : X → Y is said to be smooth if for every a ∈ A(Y) the function A(f )(a) = a • f belongs to A(X). Indeed, Observe that the corresponding morphism of algebras A(f ) : A(Y) → A(X), such that we can see A(X) as a A(Y)-module. Observe that the map E → E ⊗ A(Y) A(X) transforms finitely generated projectif A(Y)-modules into finitely generated projectif A(X)-modules and hence it induces a natural morphism of rings K(f ) : K(Y) → K(X). It remains the construction of a functorial homomorphism
For this we need to prove the following result:
Lemma 4.2. If X is a bounded lamination, the A(X)-module Ω 1 (X) generated by the image of d.
Proof.
Since Ω 1 (X) = i a i Ω 1 (U i ) for any trivialisation {U i } and any subordinated partition of unity {a i }, one can assume that X is a trivial random manifold. In that case, it follows from the proof of lemma 2.3 that Ω 1 (X) is generated (as A(X)-module) by the differentials dx i where x i : X → R are the coordinate fonctions.
In particular the vector space Ω n (X) is generated by the elements of the form a 0 da 1 , . . . da n and the exterior differential is defined recursively by the formula
Hence, Ω
• (f ) can be defined as the unique morphism of differential algebras verifying Ω 0 (f ) = A(f ). Such a construction is clearly functorial.
Chern-Weil theory
We sketch here the Chern-Weil theory in the context of random manifolds. This construction was developed in the late 1940s by Shiing-Shen Chern and André Weil in the wake of proofs of the generalized Gauss-Bonnet theorem [Che44] . This theory was an important step in the theory of characteristic classes and it allowed to clarify the relationship between cobordism, K-theory and usual cohomology. We shall follow the general construction given in the context of differential graded algebras over general rings (see for example Karoubi [Kar87] or Loday [Lod98] ). Let (A • , d) be any commutative graded differential real algebra and let E be a finitely generated projectif A 0 -module. A connection in E is a degree 1 linear endomorphism ∇ of A
• ⊗E such that ∇, a = da for every x ∈ A • , where ·, · denotes the graded commutator. A straightforward computation shows that the degree 2 operator ∇ 2 verifies [∇ 2 , a] = 0 for every a ∈ A 2 , and it thus defines an element R ∇ ∈ A 2 ⊗ End(E) called the curvature of ∇. For every invariant polynomial p : M ∞ (R) → R, i.e. any polynomial function verifying p(AB) = p(BA) for every pair of real matrices A and B, and for every finitely generated module E over A 0 , we have a natural map p :
A standard homotopy argument shows that p(E, ∇) is closed and its cohomology class does not depend on ∇. Hence it defines an element p(
Example 4.3 (The Chern character). Let n ∈ N. The Chern n-character of E with respect to (A • , d) is defined as ch n (E) where
It verifies the following properties:
and hence induces a homomorphism of rings
Example 4.4 (The total Pontryagin class). The total Pontryagin class of E with respect to (A • , d) is defined as p(E) where
It verifies the following properties
The fundamental class of a random manifold
Let V ⊂ R n be an open set and K a standard probability space. Since the tangent space τ (V ⊗ K) is a rank n free A(V ⊗ K)-module, so is Ω 1 (V ⊗ K), and we thus have a natural identification of graded algebras
By the dominated convergence theorem, integration through K gives rise to a linear
where Ω • (V ) is the algebra of usual differential forms on V . Let X be an oriented random n-manifold together with an oriented compact atlas {ϕ i : U i → V i × K i } and a subordinated partition of unity a i ∈ A(U i ). Fot every ω ∈ Ω n (X) and every a i we can see a i ω as an element of Ω n (V i ⊗ K i ) and K i a i ω as a smooth n-form with compact support on V i . We shall define
A straightforward computation shows that this definition does not depend on the partition of unity nor the atlas. For the sake of simplicity, for every ω ∈ Ω • (X) we shall set X ω = X ω n , where ω n denotes the component of ω in Ω n (X). This defines a linear map
called the fundamental cycle of X. The following result is a direct consequence of the definition of the above integral and the well known Stokes theorem on R n :
Proposition 4.5. Let X an oriented random n-manifold with boundary and let ∂X its boundary. Then for every ω ∈ Ω • (X) we have
where i : ∂X → X is the inclusion map. In particular, since ∂X has no boundary, the fundamental cycle of ∂X induces a linear map ∂X :
Pontryagin numbers
The aim of this paragraph is to give a proof of theorem 4.1. As in the classical case of compact manifolds, the proof relies in the cobordism invariance of characteristic numbers, which are obtained as a pairing between the fundamental class of the lamination and some suitable cohomology classes. Since the tangent space of a random manifold X is a projectif A(X)-module, we can define the total Pontryagin class of X, noted p(X), as the total Pontryagin class of τ (X) with respect to the differential algebra (Ω • (X), d). The following lemma shows the naturality of the total Pontryagin class with respect to bordisms: Lemma 4.6. If X is a random n-manifold with boundary and i : ∂X → X is the inclusion of its boundary, then
Proof. Since the total Pontryagin class is additive with respect to direct sums and p(A(X)) = 1, it suffices to prove that there exists an isomorphism of A(X)-modules
Let g be a Riemannian metric on X and let {ϕ : U i → V i ⊗ K i } i∈I an oriented atlas together with a subordinated partition of unity α i . For every i ∈ I we shall note g i the induced riemannian metric on U i . By the lemma 2.3 we have identifications τ (U i ) = A(U i ) n and τ (∂U i ) = A(∂U i ) n−1 , which give rise to natural isomorphisms of A(X)-modules
The induced inclusions τ (∂u i ) ⊂ τ (U i ) ⊗ A(∂U i ) add up into an inclusion τ (∂X) ⊂ τ (X) ⊗ A(∂X)
Letĝ i be the inner product on τ (U i ) ⊗ A(∂U i ) given bŷ g i (ξ ⊗ a ⊗ ν ⊗ b) = g i (ξa ⊗ νb).
and let τ (∂U i ) ⊥ be the orthogonal complement of τ (∂U i ) with respect toĝ i , which is obviously isomorphic to A(∂U i ). Let ξ i be aĝ-normal generator of τ (∂U i ) ⊥ as A(∂X)-module. Since the atlas is oriented, one can construct mesurable maps ε : K i → {±1} such that the vector ξ = i α i ε i ξ i ∈ τ (X) ⊗ A(∂X) does not vanish. A direct computation shows that A(∂X)ξ = τ (∂X)
⊥ which finishes the proof.
Let Y be an oriented random 4n-manifold without boundary. Let us note p k (Y) ∈ H 4k (Y) the component of degree 4k of the total Pontryagin class of Y. It follows from the lemma above that p k (Y) = H
• (i)(p k (Y)) for every k. A partition of n is a set α ⊂ N * of strictly positive integers such that k∈α k = n. We shall note P(n) the set of partitions of n. For every α ∈ P(n) we shall note To complete the proof of the theorem 4.1, it remains to show that Φ is surjective. Let us note M α = k∈α P 2k (C) for α ∈ P(n). It is a well known fact (see for instance [MS74] ) that for every α the matrix A = (p β (M α )) α,β is non singular. In particular, for every v ∈ R P(n) there exists λ ∈ R P(n) such that
where K λ is the standard diffuse measure space of mass λ. This completes the proof.
